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Stabilization for Equal-Order Polygonal Finite
Element Method for High Fluid Velocity and Pressure
Gradient
T. Vu-Huu 1, 2, C. Le-Thanh 3, H. Nguyen-Xuan 4 and M. Abdel-Wahab 5, 6, *

Abstract: This paper presents an adapted stabilisation method for the equal-order mixed
scheme of finite elements on convex polygonal meshes to analyse the high velocity and
pressure gradient of incompressible fluid flows that are governed by Stokes equations
system. This technique is constructed by a local pressure projection which is extremely
simple, yet effective, to eliminate the poor or even non-convergence as well as the
instability of equal-order mixed polygonal technique. In this research, some numerical
examples of incompressible Stokes fluid flow that is coded and programmed by MATLAB
will be presented to examine the effectiveness of the proposed stabilised method.
Keywords: Polygonal finite element method, fluid computation, stokes equation, mixed
method, local projection.
1 Introduction
In the last decades, the advantages of polygonal finite element method (PFEM) are
presented through many literatures[Elman, Silvester and Wathen (2014); Munson,
Okiishi, Huebsch et al. (2013); Sieger, Alliez and Botsch (2010); Xiao, Fang, Buchan et
al. (2014); Xiao, Fang, Du et al. (2013)]. However, most of them almost focus on solid
mechanics problems instead of extending the application of PFEM for fluid flow
computations. Notably, we can see through only research of Talischi et al. [Talischi,
Pereira, Paulino et al. (2014)] introduced a development of the finite element method to
numerically analyse the incompressible flow problems through convex polygonal
partitions. Their method is a mixed method of low-order approximation space on convex
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polygons, in which, the pressure field is presented by the element-wise constant function
meanwhile the velocity field is based on the set of polygonal basis shape function.
However, it contains some obstacles; for instance, it cannot work in quadrilateral and
triangular grids. Therefore, this paper presents a mixing of approximation spaces for
velocity and pressure by equal-order scheme for fluid flows on the convex polygonal
mesh [Vu-Huu, Le-Thanh, Nguyen-Xuan et al. (2019)]. Our proposed method is called as
Pe1Pe1 that is constructed through the similar basis functions of polygons for both fluid
velocity and pressure of flows. Then, the performance of the present method for the flow
with the high gradient of velocity and pressure is figured out.
As known, the main problem of applying the equal-order mixed method is that the infsup requirement of stability cannot be fulfilled naturally. In other words, the equal-order
mixed finite element method of polygons leads to the poor or even non-convergence as
well as the instability of pressure for fluid flow computations. Thus, an urgent request is
that the inconsistency must be efficiently removed through an adding of special treatment
into the general approximation system. Thereby, the stability and the convergence of the
approximation process can be executed, e.g., Refs. [Bathe (2001); Dohrmann and Bochev
(2004)]. In this paper, we introduce an adaptation of a stabilisation method using the local
polynomial pressure projection to overpass the instability problem of our polygonal
element, Pe1Pe1. The local pressure projection method was first developed by Dorhmann
et al. [Dohrmann and Bochev (2004)] with the dominant advantage is that it does not
need to utilise the residual terms as well as penalty method. Furthermore, the symmetry
of the overall approximation system is retained by this method.
As mentioned before, PFEM is a powerful numerical technique with many desirable
features, especially, the distinguished flexibility and the convenience of using many mesh
generation algorithms, as well as, the benefit of using the properties of Voronoi diagrams
[Sieger, Alliez and Botsch (2010); Talischi, Paulino, Pereira et al. (2012)]. Besides,
PFEM provides the better results than the quadrilateral and triangular counterparts with
the lower size of the approximation system [Vu-Huu, Le-Thanh, Nguyen-Xuan et al.
(2019, 2019, 2018)]. Thus, in this research, the coordinate of Wachspress [Floater,
Gillette and Sukumar (2014); Floater, Gillette and Sukumar (2014); Wachspress (1975)]
are utilised for our polygonal element, Pe1Pe1. Furthermore, in this paper, the bottleneck
of polygonal meshing of PFEM is solved by applying the advanced techniques developed
in Refs. [Talischi, Paulino, Pereira et al. (2012)].
The organisation of this paper is as follows: Section 2 presents the mixed scheme of finite
discretisations for the equation of incompressible Stokes flow problems. The stabilisation
method adapted by local pressure projection is illustrated in Section 3. Section 4
describes our proposed polygonal finite element and the Wachpress polygonal shape
functions. Section 5 reports the results of numerical tests to validate the performance of
Pe1Pe1 for the incompressible Stokes fluid flow with high gradient of velocity and
pressure are executed. Finally, in Section 6, we provide some essential conclusions for
this research.
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2 Mixed discretization of incompressible stokes equations
As known, for a domain, 𝛺𝛺, the incompressible Stokes flow is generally written by the
strong form as follow:
(1)
∇𝑝𝑝 − 𝜈𝜈∇2 𝐮𝐮 = 0,
∇ ∙ 𝐮𝐮 = 0,
(2)
where p is a modified pressure that is divided by water density, 𝐮𝐮 is a fluid velocity and
𝜈𝜈 = constant > 0 is the kinematic viscosity. For the domain 𝛺𝛺, The conditions on the
boundary 𝛤𝛤𝛤𝛤 = 𝛤𝛤𝛺𝛺𝐷𝐷 ∩ 𝛤𝛤𝛺𝛺𝑁𝑁 (𝛤𝛤𝛺𝛺𝐷𝐷 is the Dirichlet boundary and 𝛤𝛤𝛺𝛺𝑁𝑁 is the Neumann
boundary) are given by:
(3)
𝐮𝐮 = 𝐰𝐰 on 𝛤𝛤𝛺𝛺𝐷𝐷 ,
𝜕𝜕𝐮𝐮
(4)
−𝐧𝐧𝑝𝑝 + 𝜈𝜈
= 𝐬𝐬 on 𝛤𝛤𝛺𝛺𝑁𝑁 ,
𝜕𝜕𝜕𝜕
in which, 𝐧𝐧 denotes the outward normal vector at the fluid boundary and 𝜕𝜕𝐮𝐮⁄𝜕𝜕𝜕𝜕 stands
for the normal direction derivation. Then, the weak form of Eqs. (1)-(4) are produced by:
� 𝐯𝐯 ∙ (−𝜈𝜈∇2 𝐮𝐮 + ∇𝑝𝑝)d𝛺𝛺 = 0
𝛺𝛺

∀ 𝐯𝐯 ∈ 𝐇𝐇01 (𝛺𝛺),

∀ 𝑞𝑞 ∈ 𝐿𝐿20 (𝛺𝛺).

� 𝑞𝑞∇ ∙ 𝐮𝐮d𝛺𝛺 = 0
𝛺𝛺

(5)

(6)

For all 𝑞𝑞 and 𝐯𝐯 indicates the test functions for approximated pressure and velocity spaces,
respectively. Then, using the integration by parts associated with the divergence theorem
for Eqs. (5) and (6) leads to:
� 𝐯𝐯 ∙ ∇𝑝𝑝d𝛺𝛺
𝛺𝛺

2

= � ∇ ∙ (𝑝𝑝𝐯𝐯)d𝛺𝛺 − � 𝑝𝑝∇ ∙ 𝐯𝐯d𝛺𝛺
𝛺𝛺

= � 𝑝𝑝𝐧𝐧 ∙ 𝐯𝐯 d𝛤𝛤𝛤𝛤 − � 𝑝𝑝∇𝐯𝐯d𝛺𝛺 ,

− � 𝐯𝐯 ∙ ∇ 𝐮𝐮d𝛺𝛺
𝛺𝛺

𝛺𝛺

𝛤𝛤𝛤𝛤

𝛺𝛺

= � ∇𝐮𝐮: ∇𝐯𝐯d𝛺𝛺 − � ∇ ∙ (∇𝐮𝐮 ∙ 𝐯𝐯)d𝛺𝛺
Ω

𝛺𝛺

𝛺𝛺

𝛤𝛤𝛤𝛤

= � ∇𝐮𝐮: ∇𝐯𝐯d𝛺𝛺 − � (𝐧𝐧 ∙ ∇𝐮𝐮) ∙ 𝐯𝐯d𝛤𝛤𝛤𝛤 .

Now, exchanging the similar term in Eq. (5) by Eq. (7) and (8) gives:
𝜕𝜕𝐮𝐮
� 𝐯𝐯 ∙ (−𝜈𝜈∇2 𝐮𝐮 + ∇𝑝𝑝) d𝛺𝛺 = � ∇𝐮𝐮: ∇𝐯𝐯d𝛺𝛺 − � 𝑝𝑝∇𝐯𝐯d𝛺𝛺 − � � − 𝑝𝑝𝐧𝐧� ∙ 𝐯𝐯d𝛤𝛤𝛤𝛤.
𝛺𝛺
𝛺𝛺
𝛺𝛺
𝛤𝛤𝛤𝛤 𝜕𝜕𝜕𝜕
Hence, the product of weak form is:
𝜈𝜈 � ∇𝐮𝐮: ∇𝐯𝐯d𝛺𝛺 − � 𝑝𝑝(∇ ∙ 𝐯𝐯)d𝛺𝛺 = �
𝛺𝛺

𝛺𝛺

� 𝑞𝑞(∇ ∙ 𝐮𝐮) d𝛺𝛺 = 0,
𝛺𝛺

(7)

𝛤𝛤𝛺𝛺𝑁𝑁

𝐬𝐬 ∙ 𝐯𝐯d𝛤𝛤𝛤𝛤,

(8)

(9)

(10)
(11)
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where 𝜈𝜈 ∫𝛺𝛺 ∇𝐮𝐮 : ∇𝐯𝐯d𝛺𝛺 is the diffusive term; ∫𝛺𝛺(𝐮𝐮 ∙ ∇𝐮𝐮) ∙ 𝐯𝐯d𝛺𝛺 is the convective term. The
meaning of the weak form is that the velocity and pressure solution (𝐮𝐮, 𝑝𝑝) of Eqs. (1)-(4)
and meets Eqs. (10) and (11) create the saddle-point problem [Brezzi (1974)] as follow:
sup
inf
� |∇𝐯𝐯|2 d𝛺𝛺 − � 𝑞𝑞(∇ ∙ 𝐯𝐯)d𝛺𝛺 − � 𝐬𝐬 ∙ 𝐯𝐯 d𝛤𝛤𝛤𝛤
(12)
1
𝐯𝐯 ∈ 𝐇𝐇0 𝑞𝑞 ∈ 𝐿𝐿20 𝛺𝛺
𝛺𝛺
𝛤𝛤𝛺𝛺𝑁𝑁

The prerequisite of the solution (𝐮𝐮, 𝑝𝑝) is that it must be unique. And, in order to ensure
that requirement, the following theorem must be satisfied: existent constants 𝛼𝛼 and 𝛽𝛽
provided that [Bathe (2001)]:
𝑎𝑎(𝐮𝐮, 𝐯𝐯) ≥ 𝛼𝛼‖𝐯𝐯‖21,Ω V − coercivity of 𝑎𝑎(. , . ),
(13)
𝑏𝑏(𝐯𝐯, 𝑞𝑞)
sup
inf
≥ 𝛽𝛽 > 0 inf − sup condition for 𝑏𝑏(. , . ),
𝑞𝑞 ≠ constant 𝐯𝐯 ≠ 𝟎𝟎 ‖𝐯𝐯‖1,Ω ‖𝑞𝑞‖0,Ω

(14)

1

in which, norm for functions in 𝐇𝐇01 is denoted by ‖𝐯𝐯‖1,Ω = �∫Ω 𝐯𝐯 ∙ 𝐯𝐯 + ∇𝐯𝐯: ∇𝐯𝐯d𝛺𝛺�2 then
1

the quotient space norm is ‖𝑞𝑞‖0,𝛺𝛺 = �𝑞𝑞 − �|𝛺𝛺|� ∫𝛺𝛺 𝑞𝑞d𝛺𝛺�. It firms the unique solution of

Eqs. (10) and (11) is a constant pressure.
For the using of equal-order mixed polygonal finite element, the discretisation system of
Eqs. (1)-(2) is based on the set of vector-valued basis functions �𝛟𝛟𝑗𝑗 � for velocity field
and {𝜓𝜓𝑘𝑘 } for pressure field as follow:
𝑛𝑛𝑢𝑢

𝑛𝑛𝑢𝑢 +𝑛𝑛Γ

𝑗𝑗=1
𝑛𝑛𝑝𝑝

𝑗𝑗=𝑛𝑛𝑢𝑢 +1

𝐮𝐮ℎ = � 𝐮𝐮𝑗𝑗 𝛟𝛟𝑗𝑗 + � 𝐮𝐮𝑗𝑗 𝛟𝛟𝑗𝑗 ,

(15)

𝑝𝑝ℎ = � 𝐩𝐩𝑘𝑘 𝜓𝜓𝑘𝑘 ,

(16)

𝑘𝑘=1
𝑛𝑛

𝑢𝑢
where ∑𝑗𝑗=1
𝑢𝑢𝑗𝑗 𝜙𝜙𝑗𝑗 ∈ 𝐗𝐗 ℎ0 . Then, the DOFs 𝐮𝐮𝑗𝑗 : 𝑗𝑗 = 𝑛𝑛𝑢𝑢 + 1, . . . , 𝑛𝑛𝑢𝑢 + 𝑛𝑛𝛤𝛤 is set under the
interpolation of the second term on 𝛤𝛤𝛺𝛺𝐷𝐷 . Then, the discretisation system of Eqs. (1)-(2) is
generated as follows:
𝑇𝑇 𝐮𝐮
𝐟𝐟
(17)
�𝐀𝐀 𝐁𝐁 � �𝐩𝐩� = � �.
𝐠𝐠
𝐁𝐁 0
In which, the vector-Laplacian and the divergence matrix respectively are 𝐀𝐀 and 𝐁𝐁 that
are computed by:

𝐀𝐀 = �𝐚𝐚𝑖𝑖𝑖𝑖 �, 𝐚𝐚𝑖𝑖𝑖𝑖

𝐁𝐁 = �𝑏𝑏𝑘𝑘𝑘𝑘 �, 𝑏𝑏𝑘𝑘𝑘𝑘

= � ∇𝛟𝛟𝑖𝑖 : ∇𝛟𝛟𝑗𝑗 d𝛺𝛺 ,

(18)

𝛺𝛺

= − � 𝜓𝜓𝑘𝑘 ∇. 𝛟𝛟𝑗𝑗 d𝛺𝛺 ,
𝛺𝛺

(19)

with 𝑘𝑘 = 1, . . . , 𝑛𝑛𝑝𝑝 ; 𝑖𝑖 and 𝑗𝑗 = 1, . . . , 𝑛𝑛𝑢𝑢 . And, the right-hand side vectors are:

𝐟𝐟 = [𝐟𝐟𝑖𝑖 ],

𝐟𝐟𝑖𝑖

= �

𝛤𝛤𝛺𝛺𝑁𝑁

𝑛𝑛𝑢𝑢 +𝑛𝑛𝛤𝛤

𝐬𝐬. 𝛟𝛟𝑖𝑖 d𝛤𝛤𝛤𝛤 − � 𝐮𝐮𝑗𝑗 � ∇𝛟𝛟𝑖𝑖 : ∇𝛟𝛟𝑗𝑗 d𝛺𝛺 ,
𝑗𝑗=𝑛𝑛𝑢𝑢 +1

𝛺𝛺

(20)
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𝑛𝑛𝑢𝑢 +𝑛𝑛𝛤𝛤

(21)

� 𝐮𝐮𝑗𝑗 � 𝜓𝜓𝑘𝑘 ∇. 𝛟𝛟𝑗𝑗 d𝛺𝛺 .

𝑗𝑗=𝑛𝑛𝑢𝑢 +1

𝛺𝛺

3 Stabilisation of polygonal finite element
Firstly, the uniform inf–sup condition for the discretisations of Eq. (14) requests an
existence of the positive constant 𝛽𝛽 that is independent on mesh size ℎ of any grid as follow:
max |(𝑞𝑞ℎ , ∇ ∙ 𝐯𝐯ℎ )|
min
≥ 𝛽𝛽ℎ .
(22)
𝑞𝑞ℎ ≠ constant 𝐯𝐯ℎ ≠ 0 ‖𝐯𝐯ℎ ‖1,𝛺𝛺 ‖𝑞𝑞ℎ ‖0,𝛺𝛺
Notably, the matrix norms are:
‖∇𝐯𝐯ℎ ‖ = 〈𝐀𝐀𝐀𝐀, 𝐯𝐯〉1⁄2 ,
‖𝑞𝑞ℎ ‖ = 〈𝐐𝐐𝐐𝐐, 𝐪𝐪〉1⁄2 ,

(23)
𝑛𝑛

𝑢𝑢
where 𝐯𝐯 and 𝐪𝐪 are velocity and pressure vectors refer to the basis sets �𝜙𝜙𝑗𝑗 �𝑗𝑗=1 and

𝑛𝑛

𝑝𝑝
{𝜓𝜓𝑘𝑘 }𝑘𝑘=1
, it is given that |𝑞𝑞ℎ , ∇ ∙ 𝐯𝐯ℎ | = |𝐪𝐪, 𝐁𝐁𝐁𝐁|, and [Elman, Silvester et al. (2014)]:

𝛽𝛽

≤

⁄
|〈𝐪𝐪, 𝐁𝐁𝐁𝐁〉|
min max
min 〈𝐁𝐁𝐁𝐁−1 𝐁𝐁T 𝐪𝐪, 𝐪𝐪〉1 2
=
,
𝐪𝐪 ≠ 1 𝐯𝐯 ≠ 0 〈𝐀𝐀𝐀𝐀, 𝐯𝐯〉1⁄2 〈𝐐𝐐𝐐𝐐, 𝐪𝐪〉1⁄2
𝐪𝐪 ≠ 1
〈𝐐𝐐𝐐𝐐, 𝐪𝐪〉1⁄2

(24)

with the maximum is attained when 𝐰𝐰 = ±𝐀𝐀−1⁄2 𝐁𝐁𝑇𝑇 𝐪𝐪. Thus, the inf–sup condition is:
𝛽𝛽 2 =

min 〈𝐁𝐁𝐁𝐁−1 𝐁𝐁T 𝐪𝐪, 𝐪𝐪〉
.
𝒒𝒒 ≠ 1
〈𝐐𝐐𝐐𝐐, 𝐪𝐪〉

(25)

The matrix 𝐁𝐁𝐀𝐀−1 𝐁𝐁𝑇𝑇 is known as the term of pressure Schur complement. Incidentally, an
adapted inf–sup parameter is also provided:

〈𝐁𝐁T 𝐐𝐐−1 𝐁𝐁𝐁𝐁, 𝐯𝐯〉
min
(26)
𝛽𝛽 2 = {𝐯𝐯
.
∈ ℝ𝑛𝑛𝑢𝑢 |〈𝐀𝐀𝐀𝐀, 𝐮𝐮〉 = 0, 𝐮𝐮 ∈ null(𝐁𝐁)}
〈𝐀𝐀𝐀𝐀, 𝐯𝐯〉
As mentioned before, our polygonal element, Pe1Pe1, naturally causes the instability
problem. Also, as known, in order to remove the inconsistency of approximations
efficiently, a special stabilisation treatment is requested. For this purpose, we adopted a
novel pressure projection method, ∏ℎ , to eliminate the instability of our proposed
element. This technique is named as the local polynomial pressure projections - 𝐿𝐿20 , that is
based on the conjunction between the reduction of the pressure–velocity mismatch and
pressure projections. By doing this, the inconsistency will be removed then the stability is
obtained. The adjustment stabilisation process through the projection operator
∏ℎ : 𝐿𝐿2 (𝛺𝛺) → 𝑅𝑅0 and the function 𝑞𝑞 ∈ 𝐿𝐿20 gives ∏ℎ 𝑞𝑞 = 𝑞𝑞ℎ ∈ 𝑅𝑅0 only when:
� (∏ℎ 𝑞𝑞 − 𝑞𝑞ℎ )d𝛺𝛺 = 0.
𝛺𝛺

(27)

That is simply clarified through local averaging [Elman, Silvester and Wathen (2014)]:
1
∏ℎ 𝑞𝑞|Ω𝑒𝑒 =
� 𝑞𝑞 d𝛺𝛺 ,
∀𝛺𝛺𝑒𝑒 ∈ ℑℎ .
(28)
|𝛺𝛺𝑒𝑒 | 𝛺𝛺𝑒𝑒 ℎ 𝑒𝑒
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𝑛𝑛𝑛𝑛𝑛𝑛
For the basis functions {𝜓𝜓𝑖𝑖 }𝑖𝑖=1
in a polygonal mesh, the local expansion 𝑞𝑞ℎ |𝛺𝛺𝑒𝑒 =
𝑛𝑛

|

𝑛𝑛𝑛𝑛 𝛺𝛺𝑒𝑒
∑𝑖𝑖=1
𝑞𝑞𝑖𝑖 𝜓𝜓𝑖𝑖 , Eq. (28) becomes [Dohrmann and Bochev (2004)]:

∏ℎ 𝑞𝑞|Ω𝑒𝑒 =

𝑛𝑛𝑛𝑛 𝑒𝑒
∑𝑛𝑛𝑖𝑖=1
𝑞𝑞𝑖𝑖

𝑛𝑛𝑛𝑛𝑛𝑛

(29)

.

Eq. (29) means that the projected pressure is the vertex values in 𝑛𝑛𝑛𝑛𝑛𝑛 vertices of a
polygon, 𝛺𝛺𝑒𝑒 . Indeed, Eqs. (27) and (29) produces that the 𝑛𝑛𝑛𝑛𝑛𝑛 × 𝑛𝑛𝑛𝑛𝑛𝑛 stability matrix 𝑐𝑐𝑒𝑒 is:
𝑐𝑐𝑒𝑒 (𝑝𝑝ℎ , 𝑞𝑞ℎ ) =

=

𝑛𝑛𝑛𝑛𝑛𝑛

� (−∏𝑝𝑝ℎ + 𝑝𝑝ℎ )(𝑞𝑞ℎ − ∏𝑞𝑞ℎ ) d𝛺𝛺
𝛺𝛺𝑒𝑒

1
1
� 𝑞𝑞𝑗𝑗 � �−
+ 𝜓𝜓𝑖𝑖 � �𝜓𝜓𝑗𝑗 −
� d𝛺𝛺 𝑞𝑞𝑖𝑖
𝑛𝑛𝑛𝑛𝑛𝑛
𝑛𝑛𝑛𝑛𝑛𝑛
𝛺𝛺𝑒𝑒

𝑖𝑖,𝑗𝑗=1

∀𝛺𝛺𝑒𝑒 ∈ ℑℎ ,

(30)

with 𝑖𝑖 and 𝑗𝑗 respectively is the indices of the standard functions 𝜓𝜓𝑖𝑖 , 𝜓𝜓𝑗𝑗 . Consequently, the
matrix 𝐂𝐂 of stabilisation for polygonal mesh is assembled by:
ne

𝐂𝐂 =

A
e=1

𝑛𝑛𝑛𝑛𝑛𝑛

� � �𝜓𝜓𝑖𝑖 −

𝑖𝑖,𝑗𝑗=1 Ωe

1
1
� �𝜓𝜓𝑗𝑗 −
� d𝛺𝛺,
𝑛𝑛𝑛𝑛𝑛𝑛
𝑛𝑛𝑛𝑛𝑛𝑛

(31)

Consequently, the Stokes equations Eq. (17) then discretised as:
𝑇𝑇 𝐮𝐮
𝐟𝐟
(32)
�𝐀𝐀 𝐁𝐁 � �𝐩𝐩� = � �.
𝐠𝐠
𝐁𝐁 −𝐂𝐂
Next, for an alternative view, the system of Eq. (32) becomes the following discrete
formulation:
� ∇𝐮𝐮ℎ : ∇𝐯𝐯ℎ d𝛺𝛺 − � 𝑝𝑝ℎ (∇ ∙ 𝐯𝐯ℎ )d𝛺𝛺
𝛺𝛺

𝛺𝛺

= �

𝛤𝛤𝛺𝛺𝑁𝑁

� 𝑞𝑞ℎ (∇ ∙ 𝐮𝐮ℎ ) d𝛺𝛺 − 𝑐𝑐(𝑝𝑝ℎ , 𝑞𝑞ℎ ) = 0
𝛺𝛺

𝐬𝐬 ∙ 𝐯𝐯ℎ d𝛤𝛤𝛤𝛤

∀ 𝐯𝐯ℎ ∈ 𝐗𝐗 ℎ ,
ℎ

∀ 𝑞𝑞ℎ ∈ 𝑀𝑀 .

(33)

The new inf–sup constant is generalised by:
min 〈(𝐁𝐁𝐀𝐀−1 𝐁𝐁𝑇𝑇 + 𝐂𝐂)𝐪𝐪, 𝐪𝐪〉
(34)
.
𝛽𝛽ℎ2 =
𝐪𝐪 ≠ 1
〈𝐐𝐐𝐐𝐐, 𝐪𝐪〉
Consequently, the parameter, 𝛽𝛽ℎ , is clarified by the smallest value of the nonzero
eigenvalues defined through the Schur complement 𝐐𝐐−1 (𝐁𝐁𝐀𝐀−1 𝐁𝐁𝑇𝑇 + 𝐂𝐂) and combined
with the system of Eq. (32).

4 Wachpress basis shape functions
As a demonstration of equal-order mixed scheme of polygon in Fig. 1, and for the
counter-clockwise order of a polygon 𝛺𝛺𝑒𝑒 in a domain ℑ that contains 𝑛𝑛𝑛𝑛𝑛𝑛 vertices,
𝐱𝐱1 , 𝐱𝐱2 , … , 𝐱𝐱𝑛𝑛𝑛𝑛𝑛𝑛 , (𝑛𝑛𝑛𝑛𝑛𝑛 ≥ 3 ), the set of Wachspress shape functions [Talischi, Paulino,
Pereira et al. (2012)] can be clarified for any interior point 𝐯𝐯 ∈ Ω𝑒𝑒 as:

Stabilization for Equal-order Polygonal Finite Element Method
𝜙𝜙𝑖𝑖𝑒𝑒 =

𝜑𝜑𝑖𝑖
𝑛𝑛𝑛𝑛𝑛𝑛
∑𝑗𝑗=1 𝜑𝜑𝑗𝑗

=
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𝜑𝜑𝑖𝑖
𝑆𝑆(𝐱𝐱𝑖𝑖−1 , 𝐱𝐱𝑖𝑖 , 𝐱𝐱𝑖𝑖+1 )
with 𝜑𝜑𝑖𝑖 =
𝜓𝜓
𝑆𝑆(𝐯𝐯, 𝐱𝐱𝑖𝑖−1 , 𝐱𝐱𝑖𝑖 )𝑆𝑆(𝐯𝐯, 𝐱𝐱𝑖𝑖 , 𝐱𝐱𝑖𝑖+1 )

(35)

where 𝑆𝑆(𝐱𝐱𝑎𝑎 , 𝐱𝐱𝑏𝑏 , 𝐱𝐱𝑐𝑐 ) stands for the area of the triangle [𝐱𝐱𝑎𝑎 , 𝐱𝐱𝑏𝑏 , 𝐱𝐱𝑐𝑐 ], see Fig. 2. (a). Besides,
the perpendicular Wachspress coordinates of the distances between point 𝐯𝐯 and sides of
𝛺𝛺𝑒𝑒 can be seen in Fig. 2(b). In Fig. 2(b), the perpendicular distance between 𝐯𝐯 to the
𝐧𝐧𝑖𝑖
sides 𝐞𝐞𝑖𝑖 is ℎ𝑖𝑖 (𝐱𝐱), then the definition of 𝐩𝐩𝑖𝑖 (𝐱𝐱) = (𝐱𝐱)
, with 𝐧𝐧𝑖𝑖 is the unit normal vector of
ℎ
𝑖𝑖

the side 𝐞𝐞𝑖𝑖 = [𝐱𝐱𝑖𝑖 , 𝐱𝐱𝑖𝑖+1 ], with vertices indexed cyclically 𝐱𝐱𝑛𝑛+1 = 𝐱𝐱1 .

Figure 1: The equal-order mixed finite element scheme of polygons: Pe1Pe1

(a)

(b)

(c)

Figure 2: Wachspress basis functions of hexagon: a) Triangles definition of
Wachspress coordinates, b) of Wachspress coordinates of perpendicular distances, c)
3D representative sample [Chau, Chau, Ngo et al. (2017); Floater, Gillette and
Sukumar (2014); Floater, Gillette and Sukumar (2014)]
Then the polygonal Wachspress shape functions are:
𝜑𝜑𝑖𝑖
𝜑𝜑�𝚤𝚤
𝜙𝜙𝑖𝑖𝑒𝑒 =
= 𝑛𝑛𝑛𝑛𝑛𝑛
with 𝜑𝜑�𝑖𝑖 = det(𝐩𝐩𝑖𝑖−1 , 𝐩𝐩𝑖𝑖 )
𝜑𝜑 ∑𝑗𝑗=1 𝜑𝜑�𝑖𝑖

(36)

and their gradients are:

𝑛𝑛𝑛𝑛𝑛𝑛

∇𝜙𝜙𝑖𝑖𝑒𝑒 = 𝜙𝜙𝑖𝑖𝑒𝑒 �𝜗𝜗𝑖𝑖 − �

𝑗𝑗=1

𝜙𝜙𝑗𝑗𝑒𝑒 𝜗𝜗𝑗𝑗 � with 𝜗𝜗𝑖𝑖 = 𝐩𝐩𝑖𝑖−1 + 𝐩𝐩𝑖𝑖 .

(37)
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5 Numerical examples
In this section, some numerical examples of incompressible Stokes flow problem are
selected to present the ability of Pe1Pe1 associated with the stabilisation technique. The
first test is about a 2-D laminar flow through a square of (−1,1)2, see Fig. 3, with the
following conditions:
• For the whole domain, the kinematic viscosity is set by one;
• The velocity boundary condition at the fixed walls is zero on 𝑦𝑦 = −1 and 𝑦𝑦 = 1;
• The inflow is 𝑢𝑢𝑥𝑥 = 1 − 𝑦𝑦 2 and 𝑢𝑢𝑦𝑦 = 0 at 𝑥𝑥 = −1;

The outflow condition at 𝑥𝑥 = 1 and −1 < 𝑦𝑦 < 1 is controlled by a natural
boundary condition.
This test is a classical horizontal flow of the Stokes system in a two-ends channel. It is a
typical example of the Navier–Stokes equations, called Poiseuille flow.
•

Figure 3: The Voronoi polygonal mesh
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Figure 4: The velocity field

Figure 5: The horizontal component of the velocity field
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(a) Pressure result before stabilisation

(b) Pressure result after stabilization
Figure 6: The pressure results of Pe1Pe1 before (a) and after (b) applying the
stabilization method
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From Fig. 6 (b), it is evident that the pressure result of fluid flow is stabilised successfully.
It is a significant result confirming the satisfaction of our adapted stabilised method for
Pe1Pe1 that is an equal-order mixed polygonal finite element for fluid flow problems.
Also, the stability of Pe1Pe1 is validated through a computation series of parameter 𝛽𝛽ℎ
with six progressively finer meshes of a standard area as 𝛺𝛺 = (−1,1)2 (in which, the
coarsest mesh has 426 DOFs while the finest mesh has 29985 DOFs, see Tab. 1).
Consequently, the results of the stability parameter, shown in Tab. 1 and Fig. 7, really
satisfy the inf-sup prerequisite of Eq. (34). Notably, the inf-sup parameter, 𝛽𝛽ℎ , is positive
and independent of mesh size ℎ for all meshes, see Tab. 1 and Fig. 7. It is the crucial
proof to confirm the performance quality of our proposed element. It also is the main
foundation for another research to present the advantage of using Pe1Pe1 in fluid flow
computation in the complicated domain.
No.
1
2
3
4
5
6

Table 1: The computed stability parameter, 𝛽𝛽ℎ

Mesh size ℎ
0.35
0.25
0.15
0.09
0.06
0.04

Total DOFs
426
903
2106
6003
11994
29985

Stability parameter 𝛽𝛽ℎ
0.1826
0.1967
0.1988
0.2050
0.2020
0.1985

Figure 7: The computed stability 𝛽𝛽ℎ (X-axis is decreasing order)

For further test, we now consider a benchmark of incompressible Stokes fluid flow with
the high gradient of velocity and pressure, see Fig. 8. By doing this, the performance of
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our proposed method is validated more strongly. For whole domain of this test, the
kinematic viscosity is again simplified by one for whole domain. Besides, at the 𝑥𝑥 = −1
we set the boundary condition of Dirichlet one.
The inflow by the inlet velocity components are set to 𝑢𝑢𝑥𝑥 = 1.0 m/s and 𝑢𝑢𝑦𝑦 = 0 m/s.
Besides, the fixed wall condition is applied for the upper and bottom boundaries. At the
outflow (𝑥𝑥 = 7, 0 < 𝑦𝑦 < 3) the Neumann boundary condition is utilised as follow:
𝜕𝜕𝑢𝑢𝑥𝑥
−𝑝𝑝 +
= 0,
𝜕𝜕𝜕𝜕
(38)
𝜕𝜕𝑢𝑢𝑦𝑦
= 0.
𝜕𝜕𝜕𝜕

Figure 8: The benchmark domain

Figure 9: The result of velocity

Stabilization for Equal-order Polygonal Finite Element Method

1121

Figure 10: The result of horizontal velocity

Figure 11: The result of fluid pressure
As the results are presented in Figs. 9-11, it is clear that our element provides the proper
solutions of fluid velocity and pressure field with high gradient. The problem of
instability of both pressure and velocity does not occur. The main physical features of
flow at the extensions as well as the obstacle where have a high gradient of velocity and
pressure are intuitively demonstrated successfully.
6 Conclusion
Firstly, the adapted local projection is successfully executed for our polygonal finite
element, Pe1Pe1, to analyse the incompressible Stokes fluid flows. It is the significant
development to successfully generate a novel advanced polygonal element for fluid
problems. Secondly, the proposed approach also produces excellent performance for the
incompressible fluid flows with a high gradient of velocity and pressure. Consequently, it
is the foundation for the expansion of the PFEM applicability in fluid analysis. For
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further task, the other stabilisation techniques could be considered to make the
comparison and find the most suitable method for our equal-order polygonal element.
Besides, one of the challenges for utilizing our proposed element is high computation
complexity of the polygonal finite element in solving incompressible flow problem
because of the existent of the nonlinear term. Thus, a non-linear model reduction using
residual DEIM method for solving the incompressible Navier-Stokes flows will be
examined [Xiao, Fang, Buchan et al. (2013)].
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